Smith College
Chemistry 331, Fall 2011
Mr. Linck

Exercises, Set One

1.

1.1. Calculate the energy emitted per second from a 60 watt light bulb. HINT: A
watt is ajoule/sec.

1.2. Assume 0.30 of that energy is visible light, which you can assume (for ease of
calculation) hasa A of 500 nm. That energy is emitted in all directions and the lady-
bug of interest to us occupies only a part of all those directions. Assume sheis 1.0
meters from the source. What fraction of the spherical surface does she occupy?

1.3. How many 500 nm photons strike the ladybug in a second, the second it takes
you to observe her, assuming all the photons of interest are at 500 nm (see 1.2.)?

1.4. We now work with conservation of momentum. The Einstein relationship gives
the momentum of a photon as h/A. So the total momentum incident on the ladybug in
a second is (Number of photons)(momentum per photon). This is the momentum
transfered to the ladybug. What is her velocity due to being hit by the light?

1.5. Istheladybug largein the Dirac sense?

2.

If you have plane polarized light, say vertically polarized, with intensity of 1, calcu-
late the intensity after the light passes through a second polarizer sitting at an angle of
25° to the vertical. How about 75° to the vertical. HINT : To get the functional depen-
dency, remember from class that a 45° angle gives 0.5 of the original intensity.
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3.

Which of the following equations represent an eigenfunction/eigenvalue situation?
The operator is in parenthesis and the function follows it. For each example that is an
eigenfunction/eigenvalue equation, give the eigenfunction; give the eigenvalue. The
symbols "a" and "k" are constants. HINTS : Exp[x] is away of phrasing €*. If you
don' t know how to multiply matrices, ask.

3.1. (x) Exp[X]

3.2. (d/dx) Exp[-aX]

3.3. (d/dh) Sin[kd]

34. (d~2/d¢?) Sin[kd]

o5 (1 2)l) 5
o (32 )5
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4.

In this exercise we apply two operators successively. The operators are again in paren-
thesis. Y ou should (always) operate with the operator closest to the function first.

4.1. (V)@ yz* =
4.2. (2)(y) yz°=
43. (y)(Vm)yZ =

44. (Vm)(y)yz® =

45. WhenO,;0, f = O, 0, f, the operators are said to commute. When the equal-
ity does not hold, the operators do not commute. Do the operatorsy and z commute?
Do the operatorsy and Sgrt[] commute?

5.

The following are some Mathematica exercises.

5.1. Enter thefunction f=3x*-2x?+4 and evaluateitat x = 7.

5.2. Make aTable of values of f (from 5.1.) over the values of x from 0 to 10 in inte-
ger steps.

5.3. Find the derivative of f and evaluate it at x = 4.
5.4. Plot f over therangex =0tox = 3.
5.5. Integratef fromx =0tox =5.

5.6. Do anumerical integration of f over the same limitsasin 5.5.
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6.

6.1. Find the de Broglie wavelength for atennis ball (58 g) moving at 200 km/sec.

6.2. Find the de Broglie wavelength for an electron moving at a speed of 106 m/sec.

7.

7.1. You find acollection of old first class stamps in the office accumulated over the
years from stamps left over when the Post Office raised postage. You have 4 $0.03

stamps, 8 $0.10, 3 $0.17, 3 $0.24, and 4 $0.29. What is the probability that you will,
reaching randomly into this pile of stamps, pull out an $0.17 stamp?

7.2. What is the expectation value of the denomination of a stamp randomly with-
drawn?

7.3. What is the expectation value of the square of the denomination of a stamp ran-
domly withdrawn?

8.

8.1. Findthefirst 25 digitsof 7. HINT: M will do this with the command N[Pi, 25].
To get alist of those 25 digits you could do the command rr = RealDigitg N[Pi/10,
25]1[[1]]. It might be useful for you to do these step at atime to see exactly what
each does. HINT for HINT: the[[1]] takesthe first element of alist. If you now use
the command Count[rr, 3], you will count the occurrences of “ 3”in thelist; and if you
are clever you can make atable that will list thisinformation for all the digits between
0 and 9 dl in one step.

8.2. What is the probability that you will get a 4 from a random pick of one of these
25 digits?

8.3. What isthe most probable digit?
8.4. What isthe average value of the digits (the expectation value)?

8.5. What isthe standard deviation for the distribution in problem 8.1.?
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9.

9.1. The plot below isthe probability of obtaining avalue of x, P(x), versus x. Use
your intuition to determine the average value of x one would obtain with this probabil-
ity function. HINT: You might pay attention to the commands used to do certain
thingsin this plot.

Plot [1, {x, O, 1}, PlotRange » {{0, 1}, {0, 1.2}},
Label Style - {FontFam |y » "Hel vetica", Bold, FontSize » 12},
Frame - True, FranelLabel -» {"x", "Probability of obtaining x"}]

1.2
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Probability of obtaining x
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9.2. What isthe probability you would find a value of x between 0 and 0.5?

10.

The plot below is of the relative probability of obtaining a value of x, P(x), versus x.
Normalize the probability; determine the expectation value of x, <x >, and the proba-
bility that one would find a value of x between 0 and 0.5?

Plot [2X, {x, 0, 1}, PlotRange » {{0, 1}, {0, 2.2}},
Label Style » {FontFam |y » "Hel vetica", Bold, FontSize » 12},
Frame - True, FranelLabel -» {"x", "Probability of obtaining x"}]
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11.

The following is a plot of the probability of obtaining a value of x, P(x), versus x.
Normalize the probability; determine the expectation value of X, < x >, and the proba-
bility that one would find a value of x between 0 and 5? HINT : Because of the discon
tinuity at x = 4, you will have to divide your integral into two portions, 0to 4 and 4
to 10.

yg[x_]1:=0.5x /; 0= x < 4

yq[x_1:=10/73 -1/3x /; 4 < x < 10;

Pl ot [yg[x], {x, 0, 10}, Pl ot Range -» {{0, 10}, {0, 2.5}},

Label Styl e » {FontFam |y » "Hel vetica", Bold, FontSize » 12},
Frame - True, FranelLabel - {"x", "P(x)"}]
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12.

L et the probability function be
P(x) = A Exp[-a (x - 0)°]

Find the normalization parameter A, evaluate < x > and < x* >. HINT : the function
extends to infinity in both directions.
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13.

Imagine you are standing at the midpoint of the Boston marathon and you clock the
velocity of the runners as they pass you. (Some of them are very tired by the time

they get to the midpoint and are moving very slowly!) You find the probability of

their velocity can be expressed as

P(v) = v Exp[-v/q]
where q is a positive constant and the direction of v is fixed and can range from O
(because it is unlikely any runners are going to be going toward the starting line or at

adiagonal to the route) to o (for ease of integration).

13.1. Find the normalized probability expression for the velocity of the runnersin
terms of v and q.

13.2. What is the expectation value of the velocity, <v > ?

13.3. What is the probability that a runner has a velocity of greater than four times
the mean value of the velocity?

14.

A typical wave equation is

Y(x, )= Asin[2x (XA - U/T]

where A, A and T are constants.

14.1. LetA=1,t=0,A=2; plot thewave asafunction of x fromx =0tox = 6.
14.2. Plot the wave equation again for some later time, say t=0.1 T.

14.3. Which way isthe wave moving?

14.4. What would be the equation for a wave moving in the opposite direction?
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15.

Two functions of x, f and g, are said to be orthogonal to each other over the range a
tobif [°fgdx=0.

15.1. For the functionsf = sin[2 ax/A] and g = sin[3 7x/A], show they are orthogonal
over therange O to 6 with A = 6.

15.2. Using the functions from 15.1., plot each over the range O to 6.
15.3. Now plot the product of the two functions over the range O to 6 and examine
the area under the curve, which is, afterall, the integral. Does the positive area cancel

the negative?

15.4. Do the same for the functions sin[2 7x/A] and cos[4 7x/A] over the range of O to
8with A =8.

16.

16.1. We have the following function:
y(X) = (8 X - 12x) Exp|-x%/2]
Plot this function between x = -5and x = 5.

16.2. If you were to approximate the function in 16.1. by a Fourier series,
u(x) =ag + X, (S, Sin[n x/A] + ¢, Cog[n x/A])

are there any terms that you would expect would go to zero? Why? HINT: Thisisa
problemin logic, or, if you like, symmetry, not aM problem.

17.

17.1. Consider thefunction
y(x) = x(1-x)°
Plot thisfunction betweenx = Qandx = 1.
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17.2. | claim that we can approximate this expression for y(x) by asum of Sin terms :

y() U(x) = o138, V2 Sin[nzx]
where the a, arenumbers. Y ou showed in exercise 15 that Sin terms with different n
values are orthogonal to each other. What would happen, therefore, if you evaluated

the integral Llu(x)\/f Sin[27 X] dx?

17.3. If the approximation is reasonable, what would you get if you took the integral
Lly(x) V2 Sn[27 X] d x?

17.4. Hopefully you learned in the exercise 17.3. how to evaluate a, values. Find the
SiX a, values. HINT: Thiscriesout for aM. table.

17.5. Plot y(x) and your approximation for it on the same plot to see how good the
approximation is.

18.

A time dependent wave function can be written:

w(x, 1) =
Sqrt[2/L]{ 0.9 Sin[zr x/L]EXxp[-i w t] + 0.2Sin[3 7r X/L]1Exp[-i 9 w t]

Let w=3.22 sec™land L = 6. Evaluate the time dependency of the probability, which
we will define shortly as ¥ (X, t)*y(x, t), where the “ star”is the complex conjugate.
Plot the probability (as a function of x between O and L) for t =0, 0.1, 0.2, 0.3, 0.4,
and 0.5 sec to verify that the probability is a function of time. At what time, if any,
does the answer become the same asat t = 0?
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19.

19.1. A standing wave has the equation
Y (X, t) = A sin[2 1 x/A] cog[2 7 t/T]

ForA=1,1=21t=0, plot thisfunction fromx =0to x = 6. Dothesamefort=0.1
T, 0.24T,and 0.29 T. Isit astanding wave?

19.2. Isthewave A sin[kx - wt] + 2 Asin[kx + wt] stationary? Show by expansion
of the sin function. Then verify it numerically (with Mathematica) usingk =2, w =1,
andt=0and 1.



