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Abstract
A fast and new heuristic recursive algorithm to ﬁnd a minimum height for two-dimensional strip rectangular
packing problem is presented. This algorithm is mainly based on heuristic strategies and a recursive structure, and
its average running time is T (n) = (n3 ). The computational results on a class of benchmark problems have shown
that this algorithm not only ﬁnds shorter height than the known meta-heuristic ones, but also runs in shorter time.
Especially for large test problems, it performs better.
䉷 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
Packing problems have found many industrial applications, with different applications incorporating
different constraints and objects. For example, in wood or glass industries, rectangular components have
to be cut from large sheets of material. In warehousing contexts, goods have to be placed on shelves.
In newspaper paging, articles and advertisements have to be arranged in pages. In the shipping industry,
a batch of objects of various sizes have to be shipped as many as possible in a larger container, and a
bunch of optical ﬁbers have to be accommodated in a pipe with perimeter as small as possible. In VLSI
ﬂoor planning, VLSI has to be laid. These applications can formalize as packing problems [1]. For more
extensive and detailed descriptions of packing problems, the reader is referred to [1–3].
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In this paper, a two-dimensional strip rectangular packing problem is considered and its object is to
ﬁnd the minimum height. This problem belongs to a subset of classical cutting and packing problems and
has been shown to be NP hard [4,5]. Optimal algorithms for orthogonal two-dimensional cutting were
proposed in [6,7]. However, they might not be practical for large problems. Some heuristic algorithms
were developed by Berkey and Wang [8]. Hybrid algorithms combining genetic and deterministic methods
for the orthogonal packing problem were proposed by Jakobs [9], Liu and Teng [10], and Dagli and
Poshyanonda [11]. An empirical investigation of meta-heuristic and heuristic algorithms of the strip
rectangular packing problems was given by Hopper and Turton [12]. An effective quasi-human heuristic,
Less Flexibility First, for solving the rectangular packing problem was presented by Wu et al. [13].
However, generally speaking, those non-deterministic algorithms are more time consuming and are hence
less practical for problems having a large number of rectangles. Recently, some new models and algorithms
were developed by Belov [14], Caprara and Monaci [15], and Fekete and Schepers [16]. In this paper,
we will present a rather fast and effective heuristic recursive algorithm for solving the orthogonal strip
rectangular packing problem. The computational results on a class of benchmark problems show that this
algorithm not only ﬁnds shorter height than the known meta-heuristic ones but also runs in shorter time.
Especially for large test problems, it performs better.
The rest of this paper is organized as follows. In Section 2, we give a clear mathematical formulation
for the strip rectangular packing problem. In Section 3, based on the presented heuristic strategies, we
present a heuristic recursive algorithm. Computational results are described in Section 4. Conclusions
are summarized in Section 5.

2. Mathematical formulation of the problem
Given a rectangular board of given width and a set of rectangles with arbitrary sizes, the strip packing
problem of rectangles is to pack each rectangle on the board so that no two rectangles overlap and the
used board height is minimized. This problem can also be stated as follows.
Given a rectangular board with given width W, and n rectangles with length li and width wi , 1  i  n,
take the origin of two-dimensional Cartesian coordinate system at the bottom-left corner of the rectangular
board, (xL , h) denotes the top-left corner coordinates of the rectangular board and (xR , yR ) denotes the
bottom-right corner coordinates of this board (see Fig. 1 ). The aim of this problem is to ﬁnd a solution
composed of n sets of quadruples
P = {(xi , yi ), (xri , yri ) | 1  i  n, xi < xri , yi > yri },
y
(xL,h)

x
0

(xR, yR)

Fig. 1.
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where (xi , yi ) denotes the top-left corner coordinates of rectangle i, and (xri , yri ) denotes the bottomright corner coordinates of rectangle i. For all 1  i  n, the coordinates of rectangle i satisﬁes the following
conditions:
(1) xri − xi = li ∧ yi − yri = wi or xri − xi = wi ∧ yi − yri = li .
(2) For all 1  j  n, j = i, rectangle i and j cannot overlap, namely
xri  xj or xi  xrj or yri  yj or yi  yrj .
(3) xL  xi  xR , xL  xri  xR and yR  yi  h, yR  yri  h,
such that the used board height h is minimized.
It is noted that the orthogonal rectangular packing problems denote that the packing process has to
ensure the edges of each rectangle are parallel to the x- and y-axis, respectively, namely all rectangles to
be packed cannot be packed aslant.
3. Heuristic recursive (HR) algorithm
Many useful algorithms have recursive structure: to solve a given problem, they call themselves recursively one or more times to deal with closely related subproblems, so these algorithms are simple and
effective. These algorithms typically follow a divide-and-conquer approach: they break the problem into
several subproblems that are similar to the original problem but smaller in size, solve the subproblems
recursively, and then combine these solutions to create a solution to the original problem.
The divide-and-conquer paradigm involves three steps at each level of the recursion [17]:
(1) Divide the problem into a number of subproblems.
(2) Conquer the subproblems by solving them recursively. If the subproblem sizes are small enough,
however, just solve the subproblems in a straightforward manner.
(3) Combine the solutions to the subproblems into the solution for the original problem.
Intuitively, we can construct a recursive algorithm for the strip rectangular packing problem as follows:
(1) Pack a rectangle into the space to be packed. Divide the unpacked space into two subspaces (see
Fig. 2).
(2) Pack each subspace by packing them recursively. If the subspace sizes are small enough to only pack
a rectangle, however, just pack this rectangle into the subspace in a straightforward manner.
(3) Combine the solutions to the subproblems into the solution for the rectangular packing problem.
In Fig. 2, there are two cases when dividing. (a) Denotes space S can be divided into a unbounded space
S1 and a bounded space S2 after a rectangle is packed into S, here, S1 is similar to S and is unbounded
space. (b) Denotes space S2 can be divided into S3 and S4 after a rectangle is packed into S2 , here, S3
and S4 are similar to S2 and are bounded space. So, the recursive packing process is called to pack S2 . In
detail, the recursive packing procedure can be stated as follows (see Fig. 3): During the process of packing
bounded subspace S2 , this recursive procedure is used. As S3 and S4 are similar to S2 , RecursivePacking
(S2 ) can be called recursively. For this recursive procedure, all the operations in RecursivePacking() can
be done in constant time. This gives an overall time complexity of T (n) = (n).

2212

D. Zhang et al. / Computers & Operations Research 33 (2006) 2209 – 2217
y

y

(xL,h)

(xL ,h)

S1

S

S2

x
(a)

0
(xR, yR)
y

y
(xL ,h)

(xL,h)

S3

S2

(b)

x
(xR, yR)

0

S4
x

x

0

0

(xR, yR)

(xR, yR)

Fig. 2. Divide the unpacked space into two subspaces.
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Fig. 3. Recursive packing procedure for the bounded space.

It is noted that how to select a rectangle to be packed into S is very important to improve the performance
of recursive algorithm. In this paper, we present a heuristic strategy for selecting a rectangle to be packed,
namely a rectangle with the maximum area is given priority to pack. In detail, unpacked rectangles should
be sorted by non-increasing ordering of area size. The rectangle with maximum area should be selected
to pack if it can be packed into the unpacked subspace.
Packing( ) can be called when packing the unbounded space, and this procedure can be stated as follows
(see Fig. 4): This packing procedure shows that the recursive procedure RecursivePacking(S2 ) can be
called iteratively while packing process is not ﬁnished. In order to minimize the height of packing, a
heuristic packing strategy is presented as follows. The long side of rectangle to be packed should be
packed along the bottom side of subspace S.
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Fig. 4. Packing procedure.

Fig. 5. The heuristic recursive (HR) algorithm.

Since the packing orderings affect the performance of the recursive algorithm, several orderings can
be tried to enhance the performance. In practice, if we strictly pack rectangles in order of their area, the
way of this kind of packing does not correspond to practical packing in industry ﬁelds. Therefore, we can
try different orderings to try and ﬁnd a better solution.
In detail, the HR algorithm can be stated as follows (see Fig. 5): From the description of heuristic
recursive algorithm, we can know the average running time of this algorithm is T (n) = (n3 ). It is noted
that, in order to enhance the performance of the recursive algorithm, HeuristicRecursion() can be run
repeatedly until h cannot improve.

4. Computational results
Performance of the HR algorithm has been tested with seven different sized test instances ranging
from 16 to 197 items [12] (see Table 1). The optimal solutions of these test instances are all known. In
order to compare HR with known meta-heuristic, two best meta-heuristic GA+BLF and SA+BLF in [12]
are selected, they are run on a PC with a Pentium Pro 200 MHz processor and 65 MB of RAM under
Windows NT4.0 [12], so the relative distance of best solution to optimum height (RDBSOH) and the
running time are directly taken from [12]. The results obtained from the realization of the GA+BLF and
SA+BLF are also given. Our experiments were run on a Dell GX260 with a 2.4 GHz CPU. Dell GX260
with a 2.4 GHz CPU is about 13 times faster than PC with a Pentium Pro 200 MHz processor, therefore
we adjust the running time of meta-heuristic by dividing by 13. The computational results are reported
in Tables 2 and 3. In order to show performance comparisons more clearly, we give the relative distance
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Table 1
Test problems
Problem category

Number of items: n

Optimal height

Object dimensions

C1 (C11, C12, C13)
C2 (C21, C22, C23)
C3 (C31, C32, C33)
C4 (C41, C42, C43)
C5 (C51, C52, C53)
C6 (C61, C62, C63)
C7 (C71, C72, C73)

16 (C11, C13), 17 (C12)
25 (C21, C22, C23)
28 (C31, C33), 29 (C32)
49 (C41, C42, C43)
73 (C51, C52, C53)
97 (C61, C62, C63)
196 (C71, C73), 197 (C72)

20
15
30
60
90
120
240

20 × 20
15 × 40
30 × 60
60 × 60
90 × 60
120 × 80
240 × 160

Table 2
RDBSOH of GA+BLF, SA+BLF and HR (%)

GA+BLF
SA+BLF
HR

C1

C2

C3

C4

C5

C6

C7

Average

4
4
8.33

7
6
4.45

5
5
6.67

3
3
2.22

4
3
1.85

4
3
2.5

5
4
1.8

4.57
4
3.97

Table 3
Average running time of GA+BLF, SA+BLF and HR (s)

GA+BLF
SA+BLF
HR

C1

C2

C3

C4

C5

C6

C7

Average

4.61
3.227
0

9.22
11.064
0

13.83
18.44
0.03

59.93
152.13
0.14

165.96
530.15
0.69

396.46
1761.02
2.21

3581.97
19274.41
36.07

604.57
3107.2
5.59

GA+ BLF
SA+ BLF
HR
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RDBSOH

6
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4
3
2
1
0
1

2

3

4
Problem category
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7

Fig. 6. RDBSOH of GA+BLF, SA+BLF and HR (%).

of best solution to optimum height (%) comparison in Fig. 6 and the running time comparison in Fig. 7.
In addition, we give four packed results on test instances C11, C12, C13 and C72 for HR in Figs. 8 and
9. Here, the number in the right of Figs. 8 and 9 is optimal height.
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Fig. 7. Average running times of GA+BLF, SA+BLF and HR (s).

Fig. 8. Packed results of C1 for HR.

On this test set, as shown in Table 2, RDBSOH of HR ranges from 1.8% to 8.33% with the average
RDBSOH 3.97%. The average RDBSOH of GA+BLF and SA+BLF are 4.57 and 4, respectively. The
average RDBSOH of HR is lower than that of GA+BLF and SA+BLF. From Fig. 6, we can observe
that for C2 and C4–C7, RDBSOH of HR is lower than that for GA+BLF and SA+BLF. What is more,
RDBSOH of HR decreases as the number of rectangles increases. As shown in Table 3 and Fig. 7, the
computational speed of HR is faster than that of GA+BLF and SA+BLF for all test instances. In particular,
HR performs better than GA+BLF and SA+BLF for the bigger test instances, C6 and C7.
5. Conclusions
A new heuristic recursive (HR) algorithm for the orthogonal rectangular packing is presented in this
paper. This algorithm is very simple and intuitive, and can solve the rectangular packing problem fast.
The computational results have shown that the HR algorithm outperforms the known meta-heuristic ones
in relative distance of best solution to optimum height and the running time. Especially for large test
problems, it performs better. What is more, HR has no parameters. However, meta-heuristics involve in
many parameters, their performance depends on the parameters selection. So HR may be of great practical
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Fig. 9. Packed result of C72 (n = 197) for HR.

value to the rational layout of the rectangular objects in the engineering ﬁelds, such as the wood, glass
and paper industry, and the ship-building industry, textile and leather industry. Future work is to further
improve the performance of the HR algorithm and extend it to three-dimensional rectangular packing
problems.
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