∼

◯

1

1

⌊ ⌋

∈

Abstract.

Joseph O’Rourke

http://cs.smith.edu/ orourke/ n/

n

x y

xy

xy

xy

γ

γ n c c n

g x

g x y g y

e x y e

xy se e visible il luminates

vertex guar d e dge guar d

Contemp orary Mathematics

1

c 0000 (copyright holder)

Mathematics Subje ct Classific ation.

Key wor ds and phr ases.

Op en Problems in the Com binatorics of Visibilit y and

Illumination

Chv O

1. Poin t and edge visibilit y problems

1.1. Art gallery theorems.

A comp endium of thirty-eight op en problems is presented: on

p oint and edge visibility

, flo o dlight illumination, and visibility graphs.

1991 Primary 52C99.

Visibility

, illumination, visibility graphs, computational geometry .

Supp orted by NSF grant CCR-9421670.

URL: .

The “art gallery theorem,” that 3 guards suffice and are sometimes nec-

essary to visually cover a p olygon of vertices [ ] [ ], typifies the interplay

b etween geometry and combinatorics in a wide v ariety of subsequent results. The

op en problems in this collection are intellectual kins to these art gallery-like re-

sults. The problems represent a p ersonal selection from the frontier of research on

the combinatorics of visibility; no attempt is made to b e comprehensive. Up dates

will b e maintained on the W eb.

In general, a p oint can , is to, or a p oint if the line

segment is not obstructed. (The metaphors of “visibility” and “illumination”

are used interchangeably

.) Often this means that cannot contain any p oint of a

set of obstacles, but sometimes is p ermitted to contain b oundary p oints of the

obstacles (line-of-sight grazing contact). Other nuances to the definition of visibility

are appropriate for certain problems, and will b e detailed b elow.

Throughout will b e used to denote the constant of prop ortionality for quan-

tities of the form + for some constant , where is the primary input v ariable

(e.g., the numb er of vertices). Precise fractional b ounds will b e supplemented by

their approximate decimal equiv alents.

Most these problems concern simple p olygons.

Grazing contact is p ermitted, so a guard (i.e., a p oint) sees an interior p oint

if is nowhere exterior, and sees an exterior p oint if is nowhere interior. A

is a p oint lo cated at a vertex of the p olygon. An is an

edge of the p olygon, which sees a p oint if there is a p oint such that

is nowhere exterior. Edge guard problems can b e viewed as illumination by

fluorescent lightbulbs.

d opt

1

2

⌈ − ⌉ ⌊ ⌋ ∈

⌊ ⌋ ⌊ ⌋ ∈

⌊ ⌋ ∈

⌊ ⌋

·

⌊ − ⌋

⌊ ⌋ ∈

− ≥

−

⌊ ⌋ ∈

⌈ ⌉ ≥

⌈ ⌉ − ∈ ortho gonal

p olygon

p olyhe dr al terr ain

isothetic n / n/ γ . , .

n >

n/ n/ γ . , .

n/ γ . , .

n/

n

O n O n

n

T

x y xy

T n /

n/ γ . , .

n

n n

n

n / γ . , .

n

n

n/ n

n/ γ . , .

HK

S2

O

O2

LL O

St

BSTZ

ERC

1.2. Exterior b oundary illumination.

F ej

CRCU

CRCU

Z

CRCUZ

Bez

1. Orthogonal Prison Y ard. How many vertex guards are needed to cover b oth

the interior and the exterior of a simple orthogonal p olygon? An

is one whose edges meet at right angles. The b est lower and upp er

b ounds are (5 10) 16 and 5 12 + 2 [ ]. ( [0 31 0 42].)

2. Edge Guard Problem. How many edge guards are needed to cover the

interior of a simple p olygon? The b est lower and upp er b ounds (for 11)

are 4 and 3 10 [ ]. ( [0 25 0 30].)

3. How many edge guards are needed to cover the interior of a star-shap ed

p olygon? T oussaint showed that 5 are necess ary [ ]. ( [0 2 0 3].)

4. Prove or disprove that 4 edge guards suffice to cover a star-shap ed

p olygon of vertices [ ].

5. The problem of finding the minim um numb er of guards needed to cover a

given simple p olygon is NP-complete [ ] [ ]. Is there a p olynomial ap-

proximation algorithm with some guarantee of p erformance? Since set cover

can b e approximated within a (log ) factor, improving up on (log )

could b e a goal.

6. In a forest of a finite numb er of disjoint circular trees whose b oundaries are

p erfect mirrors, it is true that some light rays from a lit match always escap e

to infinity? [ ]. The trees are disks which reflect light at its incident angle.

7. How many edge guards are needed to cover an -vertex p olyhedral terrain?

A is a p olyhedral surface that meets every vertical line

in at most one p oint. Point sees if the segment is nowhere strictly

b elow . The b est lower and upp er b ounds are (4 4) 13 [ ] and

3 [ ]. ( [0 31 0 33].)

These problems ask for the fewest

exterior p oint light sources to illuminate the b oundary of a collection of ob jects.

Rectangles are if their sides are parallel to co ordinate axes.

8. How many p oints are need to illuminate disjoint isothetic rectangles in

the plane? F ejes T´ oth proved that 4 7 p oints suffice to illuminate 4

disjoint compact convex sets in the plane [ ], but restricted cases often

require fewer lights. F or rectangles, examples are known that require 1

lights, and (4 + 4) 3 lights suffice [ ]. ( [1 00 1 33].) Here

visibility excludes grazing contact.

9. How many p oints are need to illuminate disjoint triangles in the plane?

The b ounds known here are exactly the same as for rectangles, for different

reasons [ ].

10. How many p oints are needed to illuminate disjoint segments in the plane?

Examples are known that require 4 9 lights [ ], and for 11, it has

b een proven that 2 3 3 suffice [ ]. ( [0 44 0 67]; it has b een

conjectured that is the right v alue.)

11. Hadwiger-Levi Covering. What is the fewest numb er of exterior p oints suf-

ficient to illuminate any closed convex b o dy in three dimensions? The con-

jecture is that 8 (in general, 2 ) p oints suffice, but this is only proven for

3-p olytop es with some affine symmetry [ ]. Illumination here requires

the lines of sight to p enetrate to the interior.

−

O n

ϵ n n

≥

≥

⌈ − ⌉

⌊ ⌋

⌊ ⌋

−

∈ α α

α

n

c

π /

n > π / π /

α k

α n k

α π

α π

O n

k

k

π

n n

n/

π

n n/

n γ <

γ . , . α < π

x y xy

P P

P

n n O n flo o d light -flo o d light

vertex light

p olygon

vertex visibility gr aph

TORICS OF VISIBILITY AND ILLUMINA

TION 3

( )

2

2

5

(2 ) 3

2. Flo o dligh ts

BGL

Roy

OSS

BGL OSS

ECU

ECU

CT

U

U

O3

ECOUX

3. Visibilit y graphs

3.1. Polygon vertex visibilit y graphs.

HN

LC

A of angle (an ) is a light that pro jects from a p oint in

a (contiguous) cone of angle at most . A flo o dlight placed in a simple p olygon

with its ap ex at a vertex is called a ; at most one light may b e placed

at a vertex.

12. Stage Illumination. Given a line segment (the stage) and a set of flo o d-

lights of fixed ap exes and ap ertures, find a sub-exp onential algorithm to

decide if the flo o dlights can b e rotated to illuminate the stage [ ], or

prove intractability

. It is only known that the problem is decidable via an

algorithm [ ].

13. Do five vertex 5-flo o dlights suffice to illuminate every convex p olygon

of 5 vertices? It is known that three 3-, or four 4-flo o dlights

suffice [ ].

14. F or what v alue of is it the case that any set of vertex flo o dlights, whose

total angle sum is at least , suffices to cover any convex p olygon of

vertices? It is known that = 2 do es suffice, as such flo o dlights can cover

the entire plane [ ], and that = do es not suffice [ ].

15. Find a sub quadratic algorithm for finding an optimal pair of flo o dlights to

illuminate a convex p olygon, i.e., flo o dlights whose angle sum is as small as

p ossible. An ( ) algorithm is av ailable [ ].

16. Are the ap exes of an optimal set of flo o dlights that illuminate a convex

p olygon always at vertices of the p olygon? Op en for 3 [ ].

17. How many -flo o dlights (ap exes at distinct non-exterior p oints) are sufficient

to cover any p olygon of vertices? It is known that ( 3) suffice [ ],

but it has b een conjectured that 3 suffice [ ].

18. A similar question may b e asked for vertex -flo o dlights: how many suffice to

cover any p olygon of vertices? Here it is known that 3 5 are sometimes

needed [ ], and that 2 suffice; but no 1 is known to suffice except

for sp ecial shap es [ ]. ( [0 6 1 0].) No angle suffices, even with

one light p er vertex [ ].

Here visibility p ermits b oundary

contact: sees if the segment is nowhere exterior to the p olygon. The

of a simple p olygon has a no de for each vertex of , with

an arc b etween two no des if the corresp onding vertices are visible to one another.

Note the definition of visibility implies that every edge of is included as an arc of

the visibility graph (and therefore the graph is Hamiltonian). F or problems where

the graph is the input, usually it is assumed given lab eled with vertex indices in

the order of a counterclo ckwise b oundary traversal.

19. How many different lab eled vertex visibility graphs are there of p olygons of

vertices? The numb er is in Ω( ) and ( ) [ ].

20. Develop an algorithm to recognize whether a p olygon vertex visibility graph

is planar. Necessary and sufficient conditions are known [ ], but they seem

not to lead to a p olynomial algorithm.

− i i

≥

∩ { }

{ }

1 2

1 2 1

N P

P S P AC E

P

P

N P

G

χ G G

G S

G

x y x, y S x, y x, y

G

S

s , s , . . .

s s , s , . . . , s

G

ϵ pseudo-visibility

endp oint visibility gr aph

shel lable

simple cir cuit

r e ctangle visibility gr aph

OS2

Gho

3.2. Recognition complexit y.

Eve

LS

OS

LS

3.3. Segment visibility graphs.

Mir

OR

R

3.4. Rectangle visibility graphs.

21. Do general-p osition p olygons realize all visibility graphs? I.e., is there a p oly-

gon vertex visibility graph that can only b e realized with collinear vertices?

There are p olygon vertex-edge visibility graphs that do require collineari-

ties [ ].

22. Do Ghosh’s four necessary conditions [ ] suffice to characterize p olygon

vertex visibility graphs?

23. Is recognition of p olygon vertex visibility graphs in ? It is only known

to b e in [ ].

24. Can any p olygon vertex visibility graph b e realized by a p olygon drawn on

an exp onential-size grid? If so, visibility graph recognition is in [ ].

25. Is recognition of p olygon vertex pseudo-visibility graphs in ? It is only

known to b e in [ ]. A graph is based on a pseudoline

arrangement determined by the vertices, where lines of sight are only along

the pseudolines.

26. What is the computational complexity of computing the chromatic numb er

of a p olygon vertex visibility graph ? Finding a maxim um indep endent set

or a minim um vertex cover are b oth NP-complete problems when restricted

to visibility graphs [ ]. Of course ( ) 3 b ecause can b e triangulated.

The most-studied version of segment vis-

ibility graph is the : for a set of closed, disjoint line

segments, has a no de for each segment endp oint, and an arc b etween two no des

and if they can see each other in the sense that [ ] = , or [ ]: the

intersection is either just the two endp oints, or the entire closed segment. Note that

here visibility is blo cked by grazing contact with a segment, but that contains

an arc corresp onding to each segment in .

27. Do es the endp oint visibility graph for a set of disjoint non-collinear segments

in the plane always contain a Hamiltonian cycle [ ]?

28. Do es the endp oint visibility graph for a set of shellable disjoint non-collinear

segments in the plane always contain a Hamiltonian cycle [ ]? A set of

segments is when it is p ossible to order the segments such

that lies in the exterior of the convex hull of .

29. What is the complexity of recognizing whether a set of disjoint non-collinear

segments in the plane admits a simple circuit? A is a simple

(non-crossing) Hamiltonian circuit in the segment endp oint visibility graph

that includes every segment. This is known to b e an NP-complete problem

when the segments are non necessarily disjoint, and therefore may form

p olygonal chains [ ].

There are several v arieties of “rectangle

visibility graphs,” sometimes known as R

VG’s. is a if it

can b e realized by closed isothetic rectangles in the plane, with pairwise disjoint in-

teriors, with no des corresp onding to rectangles, and arcs corresp onding to visibility ,

under the following definition of visibility: two rectangles see one another iff there

is either a horizontal or a vertical unobstructed “b eam” of visibility of finite width

connecting them. The “b eam”-visibility requirement is often called “ -visibility” in

,

75

G k G

k

K

ϵ

xy

K K

K

K

P

P x y xy

O n doubly-line ar

ab oricity

nonc ol line ar

c ol line ar

p oint visibility gr aph

TORICS OF VISIBILITY AND ILLUMINA

TION 5

4 4

1

2

1

2

22 56

42

10

2

HSV

BDHS

BDHS

DH

3.5. Visibility graphs in D and 3D.

BEH FHW

BJMO

JMO

3.6. Poin t visibilit y graphs. S

MS

MS

MS

Acknowledgements.

the literature. V ariations are obtained by p ermitting this b eam to b e a segment, or

demanding that the rectangles b e entirely disjoint, or that they have no collinear

sides.

30. Is every rectangle visibility graph a doubly-linear graph [ ]? A graph

is if it can b e realized in the plane as the union of two plane

graphs drawn with straight lines. (All rectangle visibility graphs are the

union of two planar graphs, for the horizontal and for the vertical visibility

edges.)

31. Is every graph with ab oricity two a rectangle visibility graph [ ]? The

of a graph is the minim um such that can b e decomp osed

into forests.

32. Is every maxim um-degree 4 graph a collinear rectangle visibility graph

[ ]? A rectangle representation is called if no line contains

two distinct rectangle sides. It is if collinearities are p ermitted.

is not a noncollinear rectangle visibility graph, although it is a collinear

one [ ].

2 Here it is reasonable to extend the

-visibility definition to require a finite-volume b eam of visibility for an arc of the

graph.

33. What is the largest complete graph realizable by disjoint isothetic rectangles

in 2 D with vertical visibility (all rectangles are parallel to the -plane)?

It is known that is realizable and is not [ ] [ ].

34. What is the largest complete graph that is a b ox visibility graph? Such a

graph is realized by disjoint isothetic b oxes in three-dimensions with lines

of sight parallel to a co ordinate axis. It is known that is realizable and

is not [ ].

35. Is it true that in every collection of isothetic b oxes in three dimensions,

there is one whose remov al reduces the numb er of edges in the asso ciated

b ox visibility graph? This prop erty holds for rectangles in the plane [ ].

A [ ] for a simple p olygon

is a “continuous” graph with an uncountable numb er of no des, one for each p oint

in , with an arc b etween no des and iff the segment is nowhere exterior.

36. Find an algorithm to decide whether or not two p olygons have isomorphic

p oint visibility graphs. An ( ) algorithm to detect such isomorphism

b etween spiral p olygons is known [ ].

37. Is it true that if two p olygons have isomorphic p oint visibility graphs, then

there is an isomorphism b etween the graphs that is also a homeomorphism?

This is a conjecture in [ ].

38. Can a no de corresp onding to a reflex vertex b e identified in a given p olygon

p oint visibility graph [ ]?

I thank G ¨ unter Rote, Thomas Shermer, Jorge Urrutia,

and the referees for comments.

K

42

References

On r e ctangle visibility gr aphs

A visibility r epr esentation for gr aphs in

thr e e dimensions

Hadwiger-L ev i’s c overing pr oblem r evisite d

The flo o d light

pr oblem

is a b ox visibility gr aph

Guar ding p olyhe dral terr ains

A c ombinatorial the or em in plane ge ometry

Il luminating r e ctangle s and triangles

in the plane

Il luminating and guar ding

se gments in the plane

Note on an art gal lery pr oblem

R e ctangle-visibility r epr esentations of bip artite

gr aphs

Il lumination of p olygons with

vertex flo o d lights

Two-flo o d light il lumination of c onvex p olygons

Edge guar ding p olyhe dr a l terr ain

Visibility gr aph r e c o gnition

Il lumination of c onvex discs

New r esults on a visibility r epr esentation

of gr aphs in 3-D

On r e c o gnizing and char acterizing visibility gr aphs of simple p olygons

A gr aph c oloring r esult and its c onse quences for some

guar ding pr oblems

On the numb er of visibility gr aphs of simple p olygons

On r epr esentations of some thickness-two

gr aphs

Arkin

’s c onje ctur e for r e ctangle and b ox visi-

bility gr aphs

Planar visibility gr aphs

[BDHS] P

. Bose, A. Dean, J. Hutchinson and T. Shermer, . In S.

North, editor, Graph Drawing (Pro c. GD ‘96), volume 1190 of Lecture Notes Comput.

Sci., pages 25–44. Springer-V erlag, 1997.

[BEH] P

. Bose, H. Everett, M. E. Houle, S. F ekete, A. Lubiw, H. Meijer, K. Romanik, G.

Rote, T. Shermer, S. Whitesides and C. Zelle,

. Manuscript, 1997.

[Bez] K. Bezdek, . In J. Pach, editor, New T rends

in Discrete and Computational Geometry

, volume 10 of Algorithms and Combinatorics,

pages 199–233. Springer-V erlag, 1993.

[BGL] P

. Bose, L. Guibas, A. Lubiw, M. Overmars, D. Souv aine and J. Urrutia,

. In Pro c. 5th Canad. Conf. Comput. Geom., pages 399–404, 1993.

[BJMO] P

. Bose, A. Josefczyk, J. Miller and J. O’Rourke, . In

Snapshots of Computational and Discrete Geometry

, volume 3, pages 88–91. Scho ol

Comput. Sci., McGill Univ., Montreal, PQ, July 1994. T echnical Rep ort SOCS-94.50.

[BSTZ] P

. Bose, T. Shermer, G. T oussaint and B. Zhu, . Comput.

Geom. Theory Appl., 7:173–185, 1997.

[Chv] V. Chv´ atal, . J. Combin. Theory Ser. B,

18:39–41, 1975.

[CRCU] J. Czyzowicz, E. Rivera-Campo and J. Urrutia,

. J. Combin. Theory Ser. B, 57:1–17, 1993.

[CRCUZ] J. Czyzowicz, E. Rivera-Campo, J. Urrutia and J. Zaks,

. Discr. Math., 137:147–153, 1995.

[CT] G. Csizmadia and G. T´ oth, . Comput. Geom. Theory

Appl., to app ear, 1998.

[DH] A, M. Dean and J. P

. Hutchinson,

. In R. T amassia and I. G. T ollis, editors, Graph Drawing (Pro c. GD ’94), volume

894 of Lecture Notes Comput. Sci., pages 159–166. Springer-V erlag, 1995.

[ECOUX] V. Estivill-Castro, J. O’Rourke, J. Urrutia and D. Xu,

. Inform. Pro cess. Lett., 56:9–13, 1995.

[ECU] V. Estivill-Castro and J. Urrutia, . In

Pro c. 4th W orkshop Algorithms Data Struct., volume 955 of Lecture Notes Comput.

Sci., pages 62–73. Springer-V erlag, 1995.

[ERC] H. Everett and E. Rivera-Camp o, . Comput. Geom.

Theory Appl., 7:201–203, 1997.

[Eve] H. Everett, . Rep ort 231/90, Dept. Comput. Sci., Univ.

T oronto, T oronto, ON, 1990. Ph.D. Thesis.

[F ej] L. F ejes T´ oth, . Acta Math. Acad. Sci. Hungar., 29:355–

360, 1977.

[FHW] S. P . F ekete, M. E. Houle and S. Whitesides,

. In F. Branden burg, editor, Graph Drawing (Pro c. GD ‘95), volume

1027 of Lecture Notes Comput. Sci., pages 234–241. Springer-V erlag, 1996.

[Gho] S. K. Ghosh, .

Discrete Comput. Geom., 17:143–162, 1997.

[HK] F. Hoffmann and K. Kriegel,

. In Pro c. 4th Annu. Internat. Symp os. Algorithms Comput., volume

762 of Lecture Notes Comput Sci., pages 78–87. Springer-V erlag, 1993.

[HN] F. Hurtado and M. Noy

, . In

Snapshots of Computational and Discrete Geometry

, volume 3, pages 100–107. Scho ol

Comput. Sci., McGill Univ., Montreal, PQ, July 1994. T echnical Rep ort SOCS-94.50.

[HSV] J. P

. Hutchinson, T. Shermer and A. Vince,

. In F. Brandenburg, editor, Graph Drawing ’95, volume 1027 of Lecture Notes

Comput. Sci., pages 324–332. Springer-V erlag, 1995.

[JMO] A. Josefczyk, J. Miller and J. O’Rourke,

. T echnical Rep ort 036, Dept. Comput. Sci., Smith College, July 1994.

[LC] S.-Y. Lin and C. Chen, . In Pro c. 6th Canad. Conf. Comput.

Geom., pages 30–35, 1994.

π

orourke@cs.smith.edu

TORICS OF VISIBILITY AND ILLUMINA

TION 7

Dep ar tment of Computer Science, Smith College, Nor thampton, MA 01063

Computational c omplexity of art gal lery pr oblems

Complexity asp e cts of visibility gr aphs

Hamiltonian triangulations and cir cumscribing p olygons of disjoint line

se gments

Isomophism of spir al p olygons

Guar ding c orpulent stars

Two se gment classes with Hamiltonian visibility gr aphs

V ertex -lights for monotone mountains

V ertex-e dge pseudo-visibility gr aphs: Char acterization and

r e c o gnition

The vertex-e dg e visibility gr aph of a p olygon

Il luminating c onvex p olygons with vertex

flo o d lights

Computing simple cir cuits fr om a set of line se gments is NP-c omplete

R e c ent r esults in art gal leries

A tight b ound on the c ombinatorial e dge guar ding pr oblem

Mathematic al r e cr e a tions

Art gal lery and il lumination pr oblems

E-mail addr ess

[LL] D. Lee and A. Lin, . IEEE T rans.

Inform. Theory

, 32:276–282, 1986.

[LS] Y. Lin and S. Skiena, . Internat. J. Comput.

Geom. Appl., 5:289–312, 1995.

[Mir] A. Mirzaian,

. Comput. Geom. Theory Appl., 2:15–30, 1992.

[MS] G. MacDonald and T. Shermer, . Discrete Comput.

Geom., 16:277–304, 1996.

[O] J. O’Rourke, Art Gallery Theorems and Algorithms. Oxford University Press, New

Y ork, NY, 1987.

[O2] J. O’Rourke, . In Snapshots of Computational and Discrete

Geometry

, volume 3, pages 63–71. Scho ol Comput. Sci., McGill Univ., Montreal, PQ,

July 1994. T echnical Rep ort SOCS-94.50. Scho ol Comput. Sci., McGill Univ., Montreal,

PQ, July 1994. T echnical Rep ort SOCS-94.50.

[OR] J. O’Rourke and J. Ripp el, .

Comput. Geom. Theory Appl., 4:209–218, 1994.

[O3] J. O’Rourke, . Pro c. 9th Canad. Conf. Comput.

Geom., pages 1–5, 1997.

[OS] J. O’Rourke and I. Streinu,

. In Pro c. 13th Annu. ACM Symp os. Comput. Geom., pages 119–128, 1997.

[OS2] J. O’Rourke and I. Streinu, . Comput.

Geom. Theory Appl., 8:1–17, 1997.

[OSS] J. O’Rourke, T. Shermer, and I. Streinu,

. In Pro c. 7th Canad. Conf. Comput. Geom., pages 151–156, 1995.

[R] D. Rappap ort, .

In Pro c. 3rd Annu. ACM Symp os. Comput. Geom., pages 322–330, 1987.

[Roy] M.-F. Roy

, Personal communication. At AMS Discrete Comput. Geom. SRC Confer-

ence, July

, 1996.

[S] T. Shermer, . Pro c. IEEE, 80:1384–1399, September 1992.

[S2] T. Shermer, . In Snapshots

of Computational and Discrete Geometry

, volume 3, pages 191–223. Scho ol Comput.

Sci., McGill Univ., August 1994.

[St] I. Stewart, . Sci. Amer., 275:100–103, August 1996. Problem

due to Janos Pach.

[U] J. Urrutia, . In J.-R. Sack and J. Urrutia, editors,

Handb o ok on Computational Geometry

, North-Holland, to app ear, 1998.

[Z] J. Zaks, Personal communication. 1996.

: